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Abstract

A payoff of an optimal derivative maximizes expected utility subject to a predetermined price.
Replication of the derivative’s current value defines an optimal dynamic trading strategy. In
this paper I extend the variety of optimal strategies by introducing a new class of their terminal
payoffs - a path-dependent optimal derivative. To relate these strategies to those obtained by
replicating an optimal path-independent derivative I establish a condition under which such
an extension does not increase investor’s expected utility. Optimal trading often requires
leverage, which might be prohibitively large for a trader with borrowing constraints. I address
this problem by constructing an optimal derivative and trading strategy for such an investor.
Finally, an approximation of a payoff of an optimal derivative in an incomplete market is
suggested and studied in detail in the setting of the Heston stochastic volatility model. This
allows for crafting an optimal trading strategy in this framework.
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1 Introduction

This paper suggests a new methodology for deriving an optimal trading strategy. The study focuses
on two investment vehicles such as an equity stock and a money fund and investigates an optimal
trading in this environment. The main contribution comes by exploring the observation that a
payoff of every finite-horizon, self-financing trading strategy is a function of the underlying assets.
In this sense, every such strategy specifies a financial derivative, and vice verse. This is so because
every derivatives’s current value can be replicated or approximated! by a linear portfolio of stock
and money fund shares. Thus, I suggest that in order to identify the best trading strategy an
investor first needs to specify a terminal payoff (as a function of the available trading assets) that
fits his preferences best and then replicate or approximate the current value of this payoff.

Intuitively, an optimal payoff is characterized by a slight chance for a small adverse outcome
and a sizable probability for a large gain. In other words, the larger the gain and the smaller the
loss subject to the same initial value the more desirable the payoff is. At the same time, of course,
in the setting of competitive markets a terminal payoff permitting an arbitrage opportunity is not
viable. In other words, a situation with a possibility for a gain with no possibility for a loss is not
allowable.

A payoff found to be optimal by an expected utility maximizer subject to a predetermined initial
cost gives rise to an optimal derivative. Obtaining this payoff by way of traded assets generates an
optimal trading strategy. Carr and Madan (2001) introduced an optimal path-independent derivative
and found its payoff for traders with different utilities. They explained how it can be replicated by
a static composition of call and put vanilla options along with the money fund and the underlying
shares. In this paper I use the optimal payoff to derive not only static but also dynamic optimal
trading strategy. Additionally, I extend the idea of an optimal payoff by designing a version of
an optimal path-dependent derivative. In general, an expected utility maximizer might prefer the
latter to the former. If this is the case, then the dynamic trading strategy generated by replicating
the current value of a path-independent optimal derivative is not the best investment, unlike the

strategy based on the optimal path-dependent structure. However, a path-dependent structure is

Incomplete market setting permits only approximation of a non-linear derivative’s value.



not always beneficial. In this paper I find conditions under which a trader does not gain from
complicating the payoff structure from path-independent to path-dependent.

Replication of an optimal derivative often requires leverage. However, in practice traders always
have limited borrowing capacity. Hence, I modify the optimal derivative’s payoff taking into account
the fact that an investor faces a borrowing constraint at a certain time.

Finally, I discuss an approximation to an optimal payoff in an incomplete market, taking as an
example the Heston stochastic volatility model, in which volatility is not tradable.

This work relates to the research exploring martingale approach to derivative pricing, which
was pioneered by Harrison and Kreps (1979) and Harrison and Pliska (1981). It was successfully
implemented for problems of optimal intertemporal consumption and portfolio choice in continuous
time. In the setting of complete markets it was addressed by Karatzas et al. (1987) and Cox and
Huang (1989). For an incomplete market environment it was first solved by He and Pearson (1991).
It is important to note that not only investment but also consumption, i.e. fund withdrawal,
in these problems were assumed to be continuous. However, in reality, outflow of funds from
investment companies occurs at discrete, often prespecified times. To model this situation one
requires a framework of continuous stock reinvestment and discrete-time consumption. Generally,
the approach of optimal dynamic trading strategies discussed in this paper is able to address this
issue.

The fact that the optimal terminal payoff is given by an inverse marginal utility evaluated at
the Radon-Nikodym derivative was noted by Leland (1980), Brennan and Solanki (1981) and Pliska
(1986). Recent advances can be credited to Zhao (2003) who presented a portfolio with control on
the worst case outcome. Bertsimas at el (2001) suggested an approximation of a derivative payoff
in incomplete markets.

Merton (1971) demonstrated another way of finding an optimal portfolio which explored tech-
niques of stochastic dynamic programming. His methodology deals with a nonlinear partial differ-
ential equation governing utility of the optimized wealth. This approach, however, features several
disadvantages. Only special cases admit analytical solutions. Problems with a general utility func-
tion or a stochastic process which differs from the geometric Brownian motion are hard to address.

Market incompleteness makes the task even more difficult. Questions concerning the form of the



terminal payoff were not emphasized at all. How does an investor know which utility describes
best his or her preferences if the function of the terminal payoff is not examined? The technique
suggested in this paper, on the contrary, readily allows for these complications.

The rest of the paper is organized as follows. The section I1 acquaints the reader with an idea
of a path-independent optimal payoff and explains derivation of the optimal trading strategies. The
following section introduces a path-dependent optimal structure and sets conditions for an optimal
path-independent derivative to be indeed optimal. Section IV determines an optimal payoff function
for an investor who is credit constrained at certain intermediate time. This is done in a complete
market setting. Section IV finds the best complete market approximation of an optimal derivative
in an incomplete market of Heston stochastic volatility model. Section V' provides several concluding

remarks and directions for future research.

2 Optimal Path-Independent Derivative

Let U(+) be a utility of a trader with initial wealth Wy invested in a ”stock” worth Sy at time 0, and
a T- expiring bond with the price B(0,T"). By assumption, the trader operates in a complete market
setting and pursues a self-financing dynamic trading strategy. At the terminal time T the realized
payoff of the trading strategy G(Sr) is consumed. The optimal strategy is such that its terminal
payoff G(Sr) maximizes expected utility EqU(G(S7)). Additionally, the fundamental theorem of
asset pricing? relates the terminal payoff G(S7) to the initial investment Wy by establishing, that
B(O,T)EBG(ST) — W, where E denotes expectation under the equivalent martingale measure.

Such a payoff G(S7) is referred to as an ”optimal path-independent derivative”. To summarize, the

2The theorem says that under the no arbitrage setting there is an equivalent martingale measure under which
the current ratio of two assets equals the conditional expectation of this ratio at any future date. This implies
that EO%TT) = %5;0) where Mr is value of a money fund share, given by Mr = Mpexp (rT) and r is a risk free
interest rate. This equation is equivalent to %TLEOG(ST) = G(Sp). Finally, in this setting the price of the bond is

B(0,T) = 47~



optimal derivative is the solution to the problem

max EyU(G(Sr))

_ (1)
s.t. B(O,T)E[)G(ST) == Wo.

At the payoff time the investor incurs either gain or loss, depending on whether realization of

G(5r) —

E/(‘J/T) is positive or negative. Problem (1) is an "isoperimetric” problem in the the-

ory of the calculus of variations. If marginal utility, denoted Ug, is strictly decreasing, then, as

Fap(s)
fST (S)

fies [ UG [ fsT(S } fop(s)ds = B(O - Here, fsr(s) and ]?ST (s) are the probability density functions

shown in the appendix, the solution has the general form G(s) = Ug" [)\ ] , where \ satis-

(p.d.f.) of St under the objective and martingale measures, and Ug" is the inverse function.

Let us discuss the meaning of the expression for G(Sr). The quantity ;\E ; is called the Radon-
Nikodym derivative, the stochastic discount factor, or the pricing kernel. In a model with a repre-
sentative agent having additively separable utility of consumption, this term is proportional to the

marginal rate of substitution in consumption: the rate at which an investor is willing to substitute

u (Ct+1

e The term A is a shadow price of a

consumption at time t for consumption at time t+1, i.e.
strategy with payoff G(Sr). It is a rate of change of the expected utility at time 0 with respect to
the derivative’s price. The payoff is optimal if it equates marginal rate of substitution in the value

of the optimal option with the marginal rate of substitution in consumption.

Example 1 With utility function U(G) = Gllf_vw_l, the payoff of the optimal derivative asset is

Wo 1 f(s) g
G<S):B(0,T) — [A ]

If the coefficient of relative risk aversion v — 1, i.e. an investor is characterized by a log utility,

then the payoff of the optimal derivative in state s is

WO fST (S)

B0 R )

In this case, the payoff function is proportional to the inverse of Radon-Nikodym derivative. If the
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underlying process {S;} is geometric Brownian motion (g.B.m.) with C% = udt + odW, , then
g—z =exp [(u— 30°)T + cWr| and
wr

G(Sr) = % (%) " exp (—% [n+7— 0] (“0_27) T) . 2)

Note, that this is a continuous function of the time to expiration and the stock’s price. Its value

at arbitrary t C [0,T], as shown in the appendiz, can be replicated by a self-financing portfo-
lio with G(S;) = piSy + M. Here M, is a position in a money fund (which can be negative).

One can show that the number of shares of stock in the replicating portfolio (or the optimal dy-

namic trading strategy) is py = %S‘?) = “{;”Sit (St). Expected return of this strategy is EO%OT) =
exp [(r + (%)2) T} . The expected values (as of time 0) of the positions in the stock and money
fund at time T are given by Eqy [prSt| = (“;27") exp [(“;;)2 T} and Eq [qrM7] = — [“_;’#] exp ((“0;’")2 T).

Since Ey[qrMy] < 0 when p > o* + r this strategy typically requires leverage. A modification of

this strategy for a credit-constrained investor will be considered in the following sections.

3 Path-Dependent Optimal Derivative

In this section, I allow the terminal payoff at T" to depend not only on St - the stock’s realization
at the expiration, but also on S;, t < T - the price of the stock at some intermediate time. I
show that such a derivative can be viewed as a complex path-dependent structure which maximizes
expected utility at T, with the terminal payoff obtained by reinvesting some intermediate derivatives
at t (< T). In addition, I establish conditions under which two payoffs — path-dependent and path-
independent — are equal. If those restrictions hold, then the dynamic trading strategy that replicates
or approximates the current value of a path-independent optimal derivative is an optimal strategy.
Otherwise it might be suboptimal, because a trading based on a path-dependent optimal derivative

might lead to a larger expected utility.



3.1 Path-Dependent Payoff

Allowing the terminal payoff G (St, S;) to depend on both Sy and S; for some ¢ < T amounts to

solving the following problem

Igla)é f f U ST, St ] f (ST, St|S()) dSTdSt

S.t.B T,O ffG ST,St> (ST,StlSO) dSTdSt = W()

The Lagrangian is
L =U[G(Sr,S)] (Sr, Si|S0) = A (B(T.0)G (Sr. ) F (Sr, SilS0) = Wa) -
Setting g—é = 0 and assuming decreasing marginal utility Ug, we obtain

G (Sr,Sy) = Ug! (A—f o ﬁilﬁﬁﬁ)

JIUg! [ %] (St,Si|So) dSrdS, =

(3)

TO)

Here U is the inverse marginal utility function. The second equation in (3) comes from the budget
constraint and yields a solution for coefficient A. In the case of log-utility function, for example, the

payoff becomes

Wo  f(Sr,SS)
B(T,0) f (S, Si|So)

G (51,8:) = (4)

If process {S;} is Markovian, then the expression %

F(S7|Se) £(StlSo)
f(ST|St) f(St|So)

in (3) and (4) becomes

3.2 A Derivative with Intermediate Reinvestment

This subsection shows that a path-dependent optimal derivative can be constructed as a combination

of several path-independent derivatives, such that at least one of them is optimal. To see it, consider



an optimal derivative> G(T, Sr, S;), the payoff of which explicitly depends on time to expiration
T, terminal stock’s price Sy and a price S; at an intermediate moment ¢ (< 7). Consider also
another derivative, which payoff G (t,S;), not necessarily optimal?, realizes at ¢ < T. A trader
invests initially in the derivative G (¢, S;) and when the payoff is obtained reinvests the proceedings

into G(T, St, S;). This requires that the time-t value of G(T, St, S;) equals G (t, S;)
G (t,5) = B(T.t) [ G(T,5r,5)F (1/5) s 5

In addition, the initial value of G (¢,5;) must equal the initial investment Wy. In summary, an
expected utility maximizer solves the following problem?®

max [ [U[G(T, Sr, S)| f (Sr|St) f (S| So) dSrdS;

Gr,Gt
st. G(t,8,) = B(T,t) [ G(T,Sr, S, f (Sr|S;) dSr

Wo = B (t,0) [ G (t,5) f (Si]So) dSo

The solution is found by computing g—é‘t =0 and (%—LT = 0 where the Lagrangian is

L =UI[G(T,Sr,S)] f (Sr|Se) f (Se|So) + A (G (t,S1) — B(T,t)G(T, Sr, St)fA(ST’St)) +
A (W= B(1,0)C (1,5 F (51150))

It yields

=1 [y F(STIS)F(SelSo) | _ rr—1 [y F(Sr.StlS0)
G(T7ST>St)—UG [)‘tf(s;st)f(sqsg)} =Ug [)‘tf(sz,sqsg)] (6)

3The letter T in G(T, St,S;) denote that the payoff is cashed at T.

4Since it is not necessarily optimal, it needs not to maximize the trader’s expected utility, EoU [G (t, S;)] .

°T could add explicitly that G (t,S;) depends on G(T,St,S;) because of the budget constraint G (t,S;) =
B (T\,t) E‘tG(T, St,St). However, this complicates notation, and does not change the result. Additionally, those
variables of G(T, St, S;) that affect G (¢, S;) are already incorporated into the function. Also, in order to simplify
the notation, I do not explicitly write that G (¢, S:) depends on (T'—t).



where )\; can be found from

TO//UG

Given that the form G(T', St, S;) is known (6), the intermediate derivative G (t, S;) is determined

ST> St’SO)

A
" (S1, S/ S0)

] f (Sr, 5|So) dSrdsS,. (7)

from the budget constraint (5).

Payoffs in (6) and (3) are the same when the process {S;} is Markovian. Under this very
general condition a complex structure of a sequence of path-independent derivatives, as defined
above, and a path-dependent optimal derivative are equivalent from investor’s point of view. This
finding is valuable for a profit maximizing trader in the framework where optimal path-independent

derivatives are traded but the path-dependent ones are not.

3.2.1 Optimality of an Intermediate Derivative G (t, S;)

If an intermediate derivative is optimal, then, as shown earlier, its payoff is given by® G° (¢, S;) =

U(;ol(t’ S0 [)\f;(gt}goﬂ with the Lagrangian multipliers A} defined by the budget constraint

J GOtst)[ Eiﬁi?ﬁ] (Si]So) dS: = 5%

It is derived by a trader who at time 0 looks forward to t.
In the previous subsection we set an intermediate derivative G (t,S;), given by the budget
constraint (5). After plugging in G(T, St, S;) we obtain

G (t,5) = B(T.t) [Uslrs, s [At%] 7 (S7|S:) dSr

with A; taken from (7). Those two facts imply that an intermediate derivative G (t, S;) is optimal
when the payoffs G (t,S;) and G°(t,S;) are equal for every S;. This statement is posed in the

6In the notation G° (¢, S;) the letter o stands for optimal



system

o0 F(Se|S F(57,5¢50) | 7
Ugos,s0) [)‘tf st}sm T.) [ Ugor,sp.s, [)‘tW] f(S7[S) dSt
B(T,0) [ [UG" |MHeesie 3}23 ] 7 (Sr, 1|So) dSrdS, = Wi (8)
o f(St|So
t 0 f Go (t,5t) [)‘t fEStISO ] ( ’SO) dsy =W

The last two equations in (8) define \; and ;.

Example 2 Assuming log-utility and Markovian {S;} this system reduces to the identity fgt:g(); =
CA T Al =N = TO) . Hence for a log-utility investor” an intermediate derivative is optimal.

F(StlSo)

3.3 Is a Path-Dependent Derivative Always Better?

The problem of a path-dependent derivative subsumes that of the path-independent one. Hence
the expected utility derived from the former is not less than that determined from the latter. In
this subsection I establsih conditions under which both payoffs are equal —i.e. G (Sr) = G (S, S¢)—
for every S, S;. When these restrictions hold, a trading strategy based on replication of a path-
independent optimal derivative is the best possible. To proceed, recall that the payoff of a path

independent derivative is given by

G (1) = Ugley) (MH3E)

N f ST|S()) (9)
- F(S7]50) B
JUg! [Alfgsﬂsg)] (Sr]So) dSr = Fs
and that of path-dependent one is found from
G (5150 = Ugls,.s, (Vo535 (10)
~ F(ST,S¢S0) | 7
f f UG [Azf S::Z Stisg ] / (ST7 St|S(]) dSrdS; = B(T(,)O)‘

The conditions under which both payoffs coincide are given in the following theorem.

"This holds for a CRRA investor as well.



Theorem 1 Suppose that the optimal payoffs G (St), G (St,S;) are unique, the process {S;} is
Markovian, and utility is concave. Then G (St) = G (St, St) for each St, S if

F(Sr]S) F(Si]So)  F(Sr|So)
7 (5215 F (5150~ f =

(S7[St) f (St]So) (St[So)”

Proof. Replace f(SﬂSg) = f(ST|St) f(St|Sg) dS; in the budget constraint (9), then plug the
Lh.s. of (11) into both equations of (9) to obtain (10). Since the budget constraint equations are
the same and the payoffs are unique it follows that A; = A. Similarly, we can obtain (9) from (10)
and the r.h.s. of (11). =

The conditions of the theorem hold when the underlying process is g.B.m. However, the re-
striction (11) is not always satisfied. For example it does not work for Heston’s s.v. model. This
indicates that dynamic trading strategies that replicate (or approximate) values of path-independent

optimal derivatives might be suboptimal in Heston’s framework.

4 Investors with Borrowing Constraints

Optimal dynamic trading typically requires leverage. However, banks may be reluctant to extend
unlimited credit because of concerns over insolvency, banking regulations, or scarcity of resources.
Insolvency might occur under two circumstances: (i) market incompleteness, which prevents a
trader from exact replicating the current value of the optimal derivative; and (ii) a trader’s utility
is such that he is willing to risk insolvency. For example, if the utility were log(G (S;) + C) where
the constant C' > 0, then the optimal payoff G (S7) = W@—’;—PC% — C' could be negative.

To address these issues I design a dynamic trading strategy that is optimal subject to a borrowing
constraint. Within the framework of complete markets, I first find the payoff G (St) of a trader who
is borrowing-constrained at the terminal moment, 7. Then, the result is extended to a situation
where the borrowing constraint occurs at an arbitrary intermediate time.

Such timing of credit constraints is relevant when banks report their positions discontinuously,

e.g., by the end of a day, a month, etc. Obviously, the constraints do not apply in the time between

required disclosures. Moreover, such a problem with simple analytical solution might be a good

10



approximation of one where the constraints are binding continuously.

To pose the problem, we note that if replication is possible then the value of the derivative at
T can be stated by G(Sr) = 9G( ST)ST + My, where a(;gsT) represents the number of shares in the
replicating portfolio at T'. If My, the value of the money fund investment, is negative, then the
credit constraint requires My > —L™ a.s. for some L™ > 0. As before, the initial value of the

position equals the initial wealth level; i.e., B(0,T) [ G (Sr) fo (St)dSr = Wy.
The optimal constraint payoff G (Sr) is the solution to

mGaX f U (G (ST)) fg (ST) dST
B(0,T) [ G(Sr) fo(Sr)dSr = Wy (12)
G(Sr) — %KLL Sr > —Lm as

Concentrating on the case U (-) = In (), T attack the problem® by applying the calculus of variations.
The solution has the following form, where the subscripts ”0” and ”n” refer to binding and non-

binding parts

G (Sp) = 120k g, Gr(Sy) — 24 G 4 L > 0
G (Sr) = (51) =3 <ST ner (5r) o5 (13)
G*(Sr) =cSr— L if Sp: G™(Sy) — 25808 + L™ < 0

=

Imposing continuity and smoothness of the optimal payoff G (Sr) and applying the budget constraint
yields solutions for the constants A and c.

When {S;} is g.B.m., the unconstrained terminal payoff of an optimal derivative is given by (2).

8See the proof of (13) in the Appendix

11



However, following (13) the constrained solution is’

(oo =ity (555) 1 i Sr<S
GP(Sy) = (ﬁ% - 1) L oif Sp>S
G (Sp) = o=t (14)
G(Sr)=(Wo+ L)% — L™
| a=F=1

The parameter S splits the domain for Sy in two parts. When Sy < S the trader’s borrowing needs
do not violate credit limits. In this case the optimal payoff is given by G™ (Sr). On the contrary,
when Sy > S the trader borrows as much as the constraints allow. As explained in the appendix
the parameter S is found from the budget limitation. As L™ — 0 (borrowing is not allowed) the
value of S — 0 as well.

To illustrate this solution I present the locus of the optimal payoffs in the following figures.
Figure 2a depicts the case when the credit constraint is LWWS = 0.6, and Figure 2b shows the payoff
when the constraint is much tighter: LWZL = 0.2. The other parameters have the following values:
drift, p = 0.09; dispersion, o = 0.18; risk-free rate, »r = 0.01; terminal time 7" = 1, and the initial
stock price, Sy = 1. We can see from the figures how the constraints change the shape of the terminal
payoff. The heavy bold line (located between the other two) in the figure represents the optimal
payoft of the constrained trader. Payoff of an unconstrained trader is given by a light curved line
and that of the totally constrained trader (i.e. L™ = 0) is given by the straight (dot-dashed) line,
starting from zero. The constrained payoff is between these two extremes. The unconstrained payoft

is bigger when the stock does well, but in adverse circumstances or when the stock’s return is just

9See the proof of (14) in the Appendix
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slightly positive the constraint improves the outcome.

G (S)

2.5 —

! L L L L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 s (T)

G (s)

2.5 —

T TP U~ Y
a / 7

0 0.2 0.4 0.6 0.8 1 1.2 1.4 s (T)

Figure 2b (% = 0.2 ), S =0.28

L
W
4.1 Intermediate Value of the Optimal Derivative.

So far we have seen how the terminal payoff, G (St), is affected by a credit constraint at time 7.
This payoff can be replicated by a portfolio whose current value at t is G(S;) = B(t, T )/E\tG (St) at
t C [0,7]. In this subsection I analyze the function G(S;), and in the next discuss issues related to

its replication.

For a log-utility investor the value of the replicating portfolio is

G (Se) =

B(uT)Lm{ﬁ [ (s) Fsdsoasr+ (ﬁ%—lﬂ(&l&)d&}-

5(Lm)

13



When {S;} is g.B.m. this reduces to

¢ =B o] TP =30 atsa®t} AT] (§) 2 (V) +

+S& 22 exp [FAT] (1= ® (Ny)) — (1 — @ (Ny)) (15)
_ ng-((a-g)o?+r)AT _ g —rAT-jo%AT _ g rAT+50%AT
M = oVAT , M= oVAT N = oVAT

with AT =T —t.

The loci of the current values G (S;) of the optimal payoffs are sketched in the following figures.
Figure 3a illustrates G (Sp) for the short-horizon case with T = 1 (in which case S = 0.63) and
Figure 3b depicts G (Sp) for the long-term case with T = 10 (with S = 0.66).'° The other parameters
are: the constraint ratio, LWTZ = 0.6; drift, p = 0.09; volatility, ¢ = 0.18; risk free rate, r = 0.01;
stock price, Sy = 1. Each figure presents two payoff functions, the upper one shows the current at
t = 0 value of G (Sr), i.e.G (), discussed above, while the lower represents the terminal at ¢t = T
optimal payoff, i.e. G (St).

We see from the Figure 3a that when the time to expiration is not large there is little difference
between the initial and terminal payoff functions. It might imply that violations of the credit

constraint at t < T" are also insignificant. This possibility is investigated in the following subsection.

05
05

. . . . . , . .
05 1 sm % 02 04 06 08 1 12 14 sm

Figure 3a (AT =1) Figure 3b (AT = 10)

100bserve, that G(S;—o = 1|T = 10, = 0.6) = 1, and G(S;=r = 1|T = 10,% = 0.6) = 0.926. If the stock
price does not change at the expiration, i.e. S = Sy, then the long position in the optimal derivative loses value.
This happens because the trader borrows to invest in the stock. If the stock does not grow then the loss occurs.

Moreover, the larger the time to expiration is the bigger the loss. Indeed, for this particular example we have
G(Si=r =1|T =1) =0.994 > G(St=r = 1|T = 10) = 0.926

14



4.2 Composition of the Replicating Portfolio

Thus far, we have considered credit constraints imposed only at the terminal moment 7. To see
to what extent the borrowing exceeds the limit prior to 7T, we must find the composition of the

replicating portfolio, G (S;) = p;.Sy + M. If the stock’s price follows g.B.m., then the number of

shares, p;, is

061 = (1,7) L7y exp [{ (7~ 4o?) e+ dato%} AT 4 5 +

(16)
+B(t,T) L™ {A, (St) - A3 (St)}
where
A (8) = 3 (8)" [a@ (W) = Sk exp (—1 (V1)?)]
Ay (Sy) = exp [rAT] = ]% [ —d(Ny) + \/ﬁi exp (—3 (Nz)z)}
A3 (Sy) = \/ﬂsta\/ﬁ exp( % N3)2)

and S = S(L™) is found from the budget constraint

Having these results we can determine the money fund position, M; = G(S;) — S: 8G St . This is
depicted in the following plots for % = 0.6, and T" = 10. Figure 4a is for AT = 1, and Flgure 4b

is for AT = 10. In both cases the initial expiration time of the optimal derivative is T" = 10 years.

M)

-0.1

-0.2)

-0.3]

-0.4

-0.5

L/W=-0.6

075 1 2 3 4 S(t)

Figure 4a (AT =1) Figure 4b (AT = 10)

As Figure 4a shows, when the remaining time to expiration is small (e.g. 10% of the derivative’s

life) the potential borrowing level exceeds the terminal credit constraint only slightly (1%). Figure

15



4b shows that even when the time to expiration is large AT = 10 the potential borrowing level barely
exceeds the credit limits. These findings suggest that imposing only terminal credit constraints may
limit the risk exposure throughout the life of the derivative.

To summarize, we have found analytically an optimal payoff for an investor who is credit-
constrained at the terminal moment and demonstrated how its current value can be replicated by
a self-financing dynamic strategy. The current value G (S;) is given by (15), the number of stocks
p¢ is indicated by (16) and the money fund position is M; = G (S;) — piSt.

4.3 Borrowing Constrained at an Arbitrary Time

In this subsection I find an optimal payoff for a trader who is credit constrained at an arbitrary
intermediate time ¢ < T. Recall, that a payoff of an optimal derivative is a function of time to
expiration T, invested wealth W), and the level of the stock at the terminal moment Sr. In addition,
if the borrowing constraint is exercised at ¢, it depends on S;z. Hence, Go(T, St, Sz, Wy) denote the

terminal payoff'! with the initial arbitrage-free value
Wo = B (0,T) Ey [Go(T, Sr, Sz, W)]
The fundamental theorem of asset pricing indicates that the current (at 7) value of Go(-) is
9(7,8:) = B(r, T) E- [Go(T, Sr, 55, Wo)] (17)

The problem is defined in such a way that the amount of borrowing involved in replication of this

function cannot exceed L™ at the predetermined moment ¢ (< T), i.e. g(t,S;) — %S; > —L™
t

"This function was denoted by G(S7) in the previous sections. The fact that Go(T, St, S, Wo) is a function of
So is marked by 0 subscript.
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a.s. To summarize, we find the function Go(T, St, Sz, Wy) that solves

(
Iélé%})(Eg [U(Go(T, ST, S{, Wo))]
s.t.B(0,T) Eo [Go(T, Sr, Sz, Wo)] = Wy
g(1.8.) = B(r,T)E; [Go(T, Sr, Si, Wo)]

g(t, S;) — 8g(t5 S;>—L™as. fort(<T)

(18)

\
Note that if ¢ is the moment when the credit constraint is exercised, then (subject to some

regularity conditions) (17) implies

W) = BET) [ Go(T, Sr, Sp, Wo) 252150 45, 1
+B(t.T) [ f(Sr|Sh) [Q—%GO(T, Sp. S5, Wo)] Sy

Hence, the fourth condition'? of (18) can be written as

C (S?7 L) =

0f(Sr|S; m (19)
= [ [{F (Srlsp) - S:2ZGH0 Y G () - 5:F (Sr15p) B + s F (SrIsp)] dSr > 0

We proceed by assuming an investor with utility U (-) = log (-) and constructing the Lagrangian
with two multipliers A and & (Sy), .
If S is such that the constraint is binding, which means C' (S;, L) = 0, then £ (S;) > 0 and, as

shown in the appendix,'?

(ST!S)

Go(T, Sr, S;, Wp) = )Q(Sfa So,§) (20)

StlS:

The result is a product of a terminal payoff of an unconstrained optimal derivative initiated at ¢

F(S|57)
F(St|S%)

initiated at 0 and expiring at £, i.e. (S, So,€). By plugging this solution into the definition for

and expiring at T" (i.e.

) and an optimal terminal payoff of a constraint at ¢ optimal derivative

12The credit constraint condition
£(S¢]S0)
AF(5:150)+26(50)+5, EL

13Tn the appendix it is explained that q(S;, So,€) =
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g(t, S;) we find q(S3,S0,&) = %.M To identify an expression for g(t, S7), we, as shown in the

appendix, plug (20) into an equation C' (Sz, L) = 0 and obtain

9g(%, St)

g<t7St) St aS

=-L" (21)
The solution to this differential equation is
9(t, ) =cS;— L

If S;is such that the constraint is not binding then £ (S7) = 0 and

(S7]57)

1f (57l 50)
A f (S| Se)

(:5%50)

Go(T, St, Sp, Wy) = j,:\ (22)
f
To summarize, Go(T, St, S5, Wy), the solution to the initial problem, takes the form

G' = gimhans (cS;— L") if g(F, §p) — ;2 = —L™

— BT) j(5r15y) 9%,
n — 1 f(S7|S7) £(SzSo0) : 7 9g(t,57) m
G" = )‘J?(ST‘S;) 1(S150) if g(t,S) St DSt >—L

The constants A and ¢ are found by making additional assumptions discussed in the following

example.

Example 3 Taking the g.B.m. for the underlying stock, we have shown that the optimal uncon-
strained payoff is given by (2). To simplify the notation we introduce two parameters, o = 5
and = —3 [+ 1 — 02 (557) . It can be shown that the T value of the payoff (given by g(%, S;) =
B (¢,T) E:G (Sr, S5, We)) is

n F(551S0)
g(S—)—% ES:SE; S;<S
Pr@suming ConthUZty and smoothness Of g(t, St), we can ﬁgm“e out the constants ¢ = _aal_L§ and

14The last equation is true only at time Z, i.e. when the constraint is exercised.
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:= [Ofm] (%) exp (0t). Thus, the terminal payoff will be given by
b — S0\  exp [=B(T = 7)) (o — 1) L™ if S > 5 (L™
Go(T, S, S, Wp) = o )<St) = ﬁ_( Lm)} (e =) Z.f S
"= () e 8 (T -7) 5 if Sp <5 (L™)
(24)

The constant S can be determined numerically from

o0

S
/ g" (S1) 7 (St150) dSs + / §(S9)F (S50 dS; = W (25)

S

This completes demonstration of a methodology for setting a payoff of an optimal derivative
for a hedger who is credit-constrained at some intermediate moment. Its replication by a linear
stock-bond portfolio can be established by applying the standard procedure discussed earlier. This

gives an optimal dynamic trading strategy for a credit constraint trader.

5 An Incomplete Markets Setting

In this section I consider an economy in which not all state variables that govern the derivative’s
value are traded. This precludes continuous replication of the derivative’s value by a linear portfolio.
Hence, an investor would like to find such an approximation to the optimal derivative that is actually
attainable. To address this problem I adopt Heston’s stochastic volatility model (1993). Here, the
incompleteness of the market is rendered by stochastic volatility process. If the volatility were
observed, then the payoff of an optimal path-independent derivative could be of several forms.
Those might include G(St, o7, So, 00), the function that depends on the stock price {Sr, So} and
the volatility {or, 00} ; as well as G(St, Sy, 09), the payoff depends on the stock price {Sr, So} and
the initial volatility 0.!® The latter case may be represented by a payoff of a call option in the

Heston’s framework.

15To be precise, the latter is an optimal derivative when the former is not available. Moreover, in very general
terms the payoff might be G ({St, Ut}?:()). We defer the discussion of this to the future research
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To find an optimal payoff G(St, o1, So, 00) a log-utility investor solves

max )fflog (G(St,07,S0,00)] f (ST, 07|00, So) doTd ST

G(St,07,50,00

A (26)
B [ [ G(St,01,S0,00) f (Sr, 07|00, S0) dopdSr = Wy

Equating the math derivative of Lagrangian to zero (2% = 0) yields the solution G(Sr, o7, Sy, 09) =

Wo f(ST,07]00-50)
B f(Sr,or|o0-So)”

were attainable by a linear portfolio of stock, money fund shares and an asset depending on the

If volatility trading were possible and could complete the market then this payoff

volatility. In an economy where the volatility is not tradable and not observable an attainable
optimal derivative could feature the payoff G(Sr,Sp). It is found by solving a problem similar to

(26) with new payoff function!®

mGaxffflog [G(ST,S0)] f (ST, 07|00,50) f (00) dordoodSt

BfffG(ST,So)f (ST,O'T|O'0,So)f<O'0) dO'TdO'()dST == Wg

(27)

The integrals can be split as

mgxflog [G(ST, S())] [f f (ST, 0'T|0'0, SO) dO'TdO'():| dST
BfG(ST, S()) [f f(ST,O'T|O'0, S()) dO'TdO'()] dST = Wo

with the solution

G(Sr, So) = Wo J J £ (Sr,07]00,5%) [ (00) dordog (28)

B [ [ f(Sr,0r|00,S0) f (00) dordag

To sum up, those state variables that do not contribute to the payoff function are integrated out
from the joint probability density function.

In order to gain more intuition let us consider an example where the underlying follows the
Heston’s (1993) stochastic volatility model and an optimal derivative is represented by G(St, So, 09)

with unobservable initial volatility g,. We approximate this value by another derivative with the

16By assumption the initial volatility is unobserved. It is integrated out with the help of an unconditional p.d.f.

f (@0)-
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payoff G(Sr,Sy) = %fﬁgﬂig:;; EZZ;ZZE According to the model, the stock dynamics is given by

the following stochastic differential equations!”

dsS = p*Sdt + o, SAW
do? = (a* — 3 02) + o, (del* + ﬂdW;)

The volatility parameters, for both objective and risk-neutral measures, are borrowed from Chernov

(2001) and presented in the table

noo|a g | g |y p ro | (T=1)
0.05 | 0.014 | 0.93 | 0.0065 | 0.69 | 0.061 | —0.018 | 0.01 | 5

The locus of the optimal payoff is shown in Figure 5. In general, its form depends upon the time

to expiration, i.e. (T'—1).

0.2 0.4 0.6 0.8 1 1.2 S(T)

Figure 5

We now see, that unlike the optimal terminal payoff under the g.B.m., which is an increasing

function of the stock, the graph of this function is characterized by a hill-like pattern in the area of

17"The version of the model with asterisks is stated under the risk-neutral measure (u* = r). The model without
asterisks and p # r is stated under the objective measure. The Brownian motions W; and W, are assumed
independent.
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negative return. Intuitively, investors trade off a large profit when the stock significantly gains for
the opportunity to cushion loss when the stock falls.

The payoff G(Sr,Sy) depends on traded state variables. Furthermore, the martingale repre-
sentation theorem is applicable here. Therefore, the payoff can be replicated by a linear portfolio

comprising stock and money fund shares. However, this trading strategy is suboptimal, because

F(S71S) F(SelSo) _ F(STlS0)
F(S71S0) F(Se[So) — f(StlSo)

does not hold for a process derived from the Heston model. This result means that an optimal

the conditions of the theorem 1 are not satisfied. One can show that

dynamic trading strategy has to replicate a path-dependent optimal derivative, given for example

by G({S; iig) Investigation of this question is deferred to future research.

6 Conclusion

By advancing the martingale approach, this paper suggests a new view on the composition of
an optimal dynamic portfolio of stock and money fund shares. This is accomplished by defining
and investigating an optimal derivative along with corresponding replicating strategies. An opti-
mal derivative features a payoff that maximizes expected utility subject to the budget constraint.
Replication or approximation of its current value gives rise to an optimal dynamic trading strat-
egy. Continuous trading allows to extend the linear scope of a static portfolio. Extension of this
technique to a multi-stock setting is deferred to future research.

In this paper I introduced the concept of an optimal path-dependent derivative. In general,
this might broaden the scope of payoff functions and increase the expected utility. In order to
link the path-dependent and path-independent optimal derivatives I find conditions under which
their optimal payoffs are the same. When those holds, trading strategies based on path-dependent
derivatives do not bring additional value to the trader.

Replication of the optimal derivative’s current value often requires borrowing. In practice, how-
ever, investors are limited in leverage transactions. This research addresses this issue by modifying
the payoff of an optimal derivative to make it appropriate for an investor who is credit-constrained
at a certain time. I also analyzed a modification of an optimal dynamic trading strategy for such

an investor. Short-sale constraints will be investigated later.
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In addition, this paper suggests how to approximate the terminal payoff of an optimal derivative
in an incomplete markets setting by a payoff that can be replicated by traded assets. The approx-
imation is studied in detail in the framework of the Heston stochastic volatility model where the
stock is governed by a diffusion process. An extension of this question to jump processes can be
accomplished in future studies.

The standard paradigm of optimal trading assumes that investor’s utility is known. In applica-
tions it is often believed to be CRRA. The theoretical side of this research again starts with a utility
of an investor. Together with the distribution of the underlying, this defines an optimal terminal
payoft, replication of which leads to optimal dynamic trading. However, practical considerations
might start directly with the terminal payoff (optimal from the investor’s point of view), replica-
tion of which allows identifying trading strategies. To be more precise, we might let an investor
select the optimal payoff function by providing him with information about the distribution of the
underlying. Such a choice will set up a lottery, which fits trader’s preferences best. Approximation
of the current value of the preselected payoff function by means of a linear stock-bond portfolio
gives a trading strategy that is optimal for this trader. In addition, knowing the payoff function
and parameters of the distribution under the objective and risk-neutral measures allows inferring
the utility function of the trader. A detailed investigation of this topic is in my plans for future

research.
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Appendix
Solution of (1) The problem can be rewritten as

max [ U(G(s))fs; (s) ds
s.t. B(0,T) [ G(s)fs, (s)ds = Wy

Applying the methods of the calculus of variation (see F.Wan[1995]) we set the Lagrangian L =
U(G(3)) fsr (s)—A (B( T)G(s )fST (s) — ) and plug it into the Lagrangian-Euler equation 9% —

a%% = 0 (here G’ = g—g) Finding the constant A from the budget constraint yields the result

G(s) = U [BO, T)AEES] with A such that [ U5* [BO, TINES] Fo, (5)ds = 7.

Replication issues Consider a T-expiring derivative originated at time 0 with terminal payoff
G(Sr). Its value at the current time ¢ where (0 < ¢ < T') is given by G(S;) = B (¢,T) /E:G(ST)
and depends upon two state variable: the underlying S; and time ¢. Hence, the derivative G(S;)
can be replicated by a self-financing portfolio comprising the stock S; and money fund M; as

G(S;) = peSy + ¢ M, at each (S, t). Replication assumes that

dG(S;) = pdSy + qdM; = pd Sy + (G(S:) — piSt)

Plugging into it the expression for stochastic differential equation dS; = p (S;,t) dt 4+ o (S, t) dW;

(which governs the stock S;) and that of the money fund shares % = rdt, we end up with
dG(Sy) = [G(S)r + pi (1 (Se,t) — 1) Sil dt + peo (S, t) AW, (29)

Assuming that the derivative value G(.S;) is smooth enough to apply Ito’s formula, i.e. continuously

differentiable once with ¢ and twice with S, we obtain (G = G(S;))

1 2
dG = aG+——(‘9Ga2(8t,1t) oG

e,
TRE T S H (Sut)| di + 50 (S, 1) AV, (30)

0S;
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Canceling random parts in (29) and (30), we find that the number of the stock shares is

9G (S)
05,

Dt =

This expression can be written as p, = B (¢,7T) [ G(ST)‘ﬁ(aS—LéjS”dST.

Proof of (13) The Lagrangian and the slackness conditions are

L =10g (G (S1)) fo (S1) = ABoG (S1) Jo (S1) = £(S7) (G(Sr) — 2552287 + L)
§(Sr) |G(Sr) — 25587 + L] = 0 with £(Sr) = 0

This and the inequality of the problem imply that

£(Sr) >0 © G(Sp) — BBl gr + Lm =0
§(St) =0 & G(Sr) — B2t Sr + L™ > 0

The condition, following from £(S7) = 0, entails that the constraint is not binding and the task can

be solved by omitting this restriction. Hence, the problem converges to

IIlGaX f 10g (G (ST)) f() (ST) dST

B(T,0) [ G(Sr) fo (St) dSr = Wy
1 fo(S7)
A fo(StT)"
Assuming the restriction holds, we find that the Lagrangian-Euler’s equation is

with the solution G™ (Sr) = The G™ stands for the non-constrained part of the solution.

Gb(ST|S0) _ fO (ST‘SU) _ (32)
% [£(S7)Sr] + &(ST) + AB (T, 0) fo (S7[S0)

This equation will be very useful later on when we approach the formula (36). However, at this

stage, we find the constrained solution from the equation: G(Sr) — 8%59“?)5} + L™ = 0, which is
given by G®(Sr) = ¢Sy — L™ with ¢ to be a constant and G? standing for the binding solution. This

proves (13).
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Proofof (14) Since the underlying stock follows the g.B.m. it implies that % = (g—g) " exp (BT

with @ = £ and 3 = —3 [u+ 7 — ¢%] (45F) T. In this case there is such S that

L (52) exppT if Sy <3
G (ST) _ AB(t,0) <So> pﬂ T

_ (33)
Sy — L™ if Sp >S5

The constant c is identified by assuming continuity of the payoff function everywhere, including the
point S. This means that the unconstrained and constrained solutions are equalized at S (i.e. no
jumps in the payoff function are allowed). Thus, G" (?) = G*(S). Moreover, we assume that the
payoff function is smooth, i.e. its math derivative exists at any point. It implies that at S we have

%G” (S) = %Gb(g). These preconditions give us

such that we obtain (14). Inserting G (Sr) from (33) into the budget constraint

B(T.0) / G(Sr)F(S2|5) = Wo

we find an equation which establishes S

[al1]Z<%>af<szp>dst+z<[a“1]%1> f(ST)dst:% (34)

We can show that the Lh.s. of (34) is a decreasing function of S. In a very general case, though,

there might be several solutions. Then, we pick the one that maximizes an expected utility. We
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find S by observing that (34) can be written as

( 1 S\ 1 9 1 9 9 lnsi()—((a—%)UQ—I—r)t
=) (?) exp [(r — 50 )oaH— a0 t} - P o~ +
In S —rt—1o2 In 2 —rtt+lo?
FE exp[rt]-{l—q’(%)}—{1—‘1’(%» (33)
W,
. B(T,%)L

Since the Lh.s. of (35) is a decreasing function of S with the range |00, 0] it can be readily solved
for S.

Proof of (20) The Lagrangian of the problem (18) takes the form

L= log(G(T, ST, St)) (ST'St) (St|SO) -
_)\(G(T,ST,St) (S71S,) T (S:]S0) — B(TO) £(S)C (S, L)

The slackness condition and the requirement that £ (S;) > 0 imply that

C(S,L)>0 if&(S,) =
C(S,L)=0 if&(S,) >0

The solution to the Lagrangian-Euler’s equation gé = dii% % (here G' = g—g) is

f (St|St) f (Si]So)
A (T (52180 F(81180)) + € (50 { F(Sr1Si) — S 2GH o5 F (Sr1S0) € ()

G (Sr,S;,T) =

If the constraint is binding (i.e. £ (S;) > 0 and C (S;, L) = 0), the expression above can be reduced
by taking derivatives and simplifying

oo F(5nl8) £ (Si1S0) _/
F(Sr1Se) AF(SilSo) + 26 (Sp) + S 60— f

(5715
(S1/51)”

9(5t, S0, €) (36)

which explains the formula (20). Observe that the function g(S, Sp, £) resembles that in (32).
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Proof of (21) We plug an expression for G (i.e.20 ) into C (S, L) and by simplifying obtain

9(51,50,€) = Sug(Si, S0, €) [ HEEE 5% T (S11S1) dSt—

S, ag(St So £ 4 S,9(S;, So, €) U gT:gt % (St|S¢) dSt| + B(tL,T) =0

Along the way we presumed regularity conditions required for
/fS|S vasr = | <L f(SrlS,) ds
EXA T|o) Ao = S, T|ot) A>T

Since this expression is zero, the result follows.

Heston model application The c.d.f. and p.d.f. of the underlying stock in the Heston model

takes the form (7 =T —t):

( o0

PriSr <yl =3 -3 | £0) “Viogs, (i&;) d¢

—00

fST y|St = f i gqjlogST (7'57 log St) d§
U (i&;1og Sy, 02, 7) = exp [rT + g (7,i&) + h (7,i) 02 + i€ log Sy

where U)o, g (i€;1og S;+) is a characteristic function of log Sy. Hence, the p.d.f.’s under the objective

and risk-neutral measures can be expressed as (we take the drift u = const)

F(sris) = & & (%) explg(rii€) + b (r.€) o7 dg

St t
e it - (37)
F(S:1S) = el e (%—f) exp [TT+§(T,Z'§) +h(1,€) 02| dE ok

such that ratio of the p.d.f.’s is

+oo —1/£ . '
Sl _ (%) “ewlo(ie) +h(r,i) 7] de

2 o0 —1 -~
(S7]S, o2) J (%) ©exp [TT+§<T,z‘§)+h(7,z‘£)a% dé

/
7
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The functions g (7,i€)and h(7,i) are

— exp(D1)—1
h (T) =h (7-) - B’yQD lfg(expzD’r)
~ s o 1—Q exp(DT1
g(r)=0GEE— 1) rr + - [(D —B)T—2In (—1_1’@( )>]
g

(1) =iéur + 5 [<D— B)r—2n (Wﬂ

Under the objective measure, the drift is p # r and the variables are defined as

2

z=ig A=-3+% B=2zp7—-0
D
+D

D= /B —2A? Q=b2

Hence, after plugging those into the function for the p.d.f. we get

(38)

To integrate out volatility we need to find an unconditional (or the steady state) p.d.f. for o2, i.e.

fo2 (v) . In the Heston’s model it is defined by the s.d.e.
do? = (a - 60?) dt + o, dW,

with the solution

,wz

v) = O
2
Fe=3

z

“Lexp (—wv)

foz (

w =

Q

After plugging (39) into the nominator and the denominator of (38) and reducing we find

—+00

16150 = [ (2) " (g ) s tmioas

—00
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Hence, the optimal terminal payoff is

“+o00

J

WO —00

G (575t =

B+

J

—0o0
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